We establish a correspondence between the electric dipole matrix elements of a polyatomic symmetric top molecule in a state with nonzero projection of the total angular momentum on the symmetry axis of the molecule and the magnetic dipole matrix elements of a magnetic dipole associated with an elemental spin F . It is shown that this correspondence makes it possible to perform quantum simulation of the singleparticle spectrum and the dipole-dipole interactions of magnetic dipoles in a static external magnetic field B with symmetric top molecules subject to a static external electric field EDC. We further show that no such correspondence exists for 1 Σ molecules in static fields, such as the alkali metal dimers. The effective spin angular momentum of the simulated magnetic dipole corresponds to the rotational angular momentum of the symmetric top molecule, and so quantum simulation of arbitrarily large integer spins is possible. Further, taking the molecule CH3F as an example, we show that the characteristic dipole-dipole interaction energies of the simulated magnetic dipole are a factor of 620, 600, and 310 larger than for the highly magnetic atoms Chromium, Erbium, and Dysprosium, respectively. We present several applications of our correspondence for many-body physics, including long-range and anisotropic spin models with arbitrary integer spin S using symmetric top molecules in optical lattices, quantum simulation of molecular magnets, and spontaneous demagnetization of Bose-Einstein condensates due to dipole-dipole interactions. Our results are expected to be relevant as cold symmetric top molecules reach quantum degeneracy through Stark deceleration and opto-electrical cooling.
Introduction
The realization that the phenomena of electricity and magnetism are related manifestations of the same field is a landmark in the history of physics, marking the first successful unification of theories. In spite of the fact that electricity and magnetism are derived from the same physical source, electric phenomena and magnetic phenomena are not identical. This can be seen classically by the fact that the electric field is a vector, transforming into its mirror image under inversion of all coordinates, while the magnetic field is a pseudo-vector, transforming into minus its mirror image under inversion of all coordinates. In quantum mechanics, this difference between electric and magnetic fields has the consequence that matrix elements of the electric dipole operator vanish unless the two states have opposite parity, while magnetic dipole matrix elements connect states which have the same parity. Hence, an elemental object can possess a magnetic dipole but not an electric dipole, as possession of an electric dipole would violate both parity and time-reversal symmetry 1 .
Even in light of the fundamental differences between electric and magnetic dipoles, interactions between two electric or magnetic dipoles are described by a Hamiltonian of the same form, namely [4] H DDI;D = C D 4πD
1 ·D 2 − 3 D 1 · e r e r ·D 2 r 3 ,
whereD i is the dipole moment operatorD of the i th particle withD =d,μ for electric and magnetic dipoles, respectively. Also, r is the distance between the two dipoles, e r is a unit vector pointing from dipole 1 to dipole 2, and the coupling coefficients for the electric and magnetic dipole-dipole interactions are given by
with ε 0 the vacuum permittivity and µ 0 the vacuum permeability. The dipole-dipole interaction Eq. (1) is of interest from the point of view of many-body physics because it is long-range and anisotropic. The differences in coupling coefficients, Eq. (2), demonstrate a practical difference between electric and magnetic dipoles. Namely, the interactions between electric dipoles on typical atomic scales are roughly 10 4 times larger than for magnetic dipoles. Hence, quantum simulation of a gas of magnetic dipoles with electric dipoles would provide access to the physics of magnetic dipoles in more strongly correlated regimes, on shorter timescales, and at lower density than for the true magnetic dipoles encountered in nature. In this work, we show that such a quantum simulation is indeed possible.
It is only in the last ten years that quantum degenerate gases with significant dipole-dipole interactions have been an experimental reality. The first strongly dipolar gas to reach quantum degeneracy was Chromium [5] , which has a magnetic dipole moment of 6µ B , where µ B is the Bohr magneton. A clear manifestation of the effects of dipole-dipole interactions were seen in the d-wave symmetry of the atomic cloud expansion following collapse of a Chromium Bose-Einstein condensate [6] . Even for the alkali metals with magnetic dipole moments of 1µ B , dipolar effects have been seen in some cases [7, 8] . For Chromium, the ratio of the dipole-dipole interaction energy to the interaction energy due to isotropic collisions is 0.15, and so the effect of dipole-dipole interactions in this system is considered to be a small perturbation. Recently, degenerate gases of Erbium [9] and both bosonic [10] and fermionic [11] Dysprosium have been produced, which have magnetic dipole moments of 7µ B and 10µ B , respectively. Assuming that the scattering lengths of Erbium and Dysprosium are both roughly 100 Bohr radii, as is the case for Chromium, this gives ratios of the dipole-dipole interaction energy to the isotropic interaction energy of 0.67 and 1.33, respectively. Significant progress has also been made on the production of ultracold polar molecules [12] , with KRb [13] being the first to reach the ultracold regime. Several other species are currently being investigated [14] , the majority of which are diatomic molecules consisting of two alkali metal atoms [15, 16, 17, 18] . The alkali metal dimers are 1 Σ molecules, having no electronic spin or orbital angular momentum, and so their angular momentum structure corresponds to that in Fig. 1(a) . Namely, the total angular momentumĴ consists only of rotation, and is perpendicular to the internuclear axis.
In many theoretical works on the many-body physics of dipoles, it is presumed that only the magnitude of the dipole moment has importance. In particular, it is supposed that the origin of the dipole moment, whether it is magnetic or electric, is of no importance. For the case of polarized dipoles, in which only a single quantum state with a resonant dipole moment is populated, this presumption is indeed true, as we discuss in Sec. 4.1. However, for the multi-component case, the structure of the dipole matrix elements within the allowed state manifold and the energies of these states are often very different depending on the origin of the dipole moments. In particular, while the alkali metal dimers typically have characteristic dipole-dipole interaction energies several orders of magnitude larger than for atoms with magnetic dipole moments, the energies and expected dipole moments of these molecules are very different from magnetic atoms. Magnetic dipoles associated with an elemental angular momentumF display a linear coupling to an externally applied magnetic field such that differences in energies between states with projections ofF along the field direction of M F and M F ±1 are the same. In addition, the magnetic dipole moment behaves as though it points alongF, and so the matrix elements of the magnetic dipole moment along any direction in space can be non-vanishing. Loosely speaking, such a magnetic dipole moment is "always on." On the other hand, the electric dipole moment of a 1 Σ points along the inter-nuclear axis, and its expectation vanishes along any direction in space due to effective averaging by the rotation of the molecule. A large static electric field must be applied in order to polarize the dipole moment along a particular direction in space. However, as the coupling of a 1 Σ molecule to an external electric field occurs only in second and higher orders of perturbation theory, the energy levels and dipole moments do not resemble those of a magnetic dipole. Thus experiments like those of Bruno Laburthe-Tolra on the many body physics of Chromium atoms in optical lattices [19, 20, 21, 22] cannot be reproduced or explored in the many 1 Σ molecules now under intensive development in laboratories all over the world [14, 15, 16, 17, 18] .
We will overcome these difficulties in quantum simulation of magnetic dipoles with 1 Σ molecules by focusing on symmetric top molecules. A symmetric top molecule is a polyatomic molecule with cylindrical symmetry, resulting in a doubly degenerate eigenvalue of the inertia tensor. This implies that the angular momentum of a symmetric top molecule can have some component in the direction of the symmetry axis, see Fig. 1(b) . In particular, when the projection of the angular momentum along the molecular symmetry axis is non-vanishing, a symmetric top molecule displays a linear response to an externally applied electric field, so that the energies and dipole matrix elements mimic those of an elemental magnetic dipole. We remark that a linear response to an external electric field is not indicative of a permanent electric dipole moment in the space-fixed frame, as is discussed further in Sec. 5. In addition to their fundamental interest in quantum simulation given in this paper, symmetric top molecules are also promising candidates for reaching quantum degeneracy precisely because of their sensitivity to electric fields. This sensitivity allows for molecules to be slowed by the application of an electric field gradient known as a Stark decelerator [23] . In addition, opto-electrical cooling, where electric field interaction energy is used rather than photon recoil to remove energy from translational motion, is now a demonstrated technology for the symmetric top molecule CH 3 F [24] . For this reason we take CH 3 F as the principle physical example of a symmetric top molecule for this article. To date, the most successful means of producing ultracold molecules have been assembly of ultracold molecules from ultracold atoms by magnetic [13] or optical [25] means or direct laser cooling of molecules [26] , all of which work only for specific species. In contrast, opto-electrical cooling has the potential to work for any symmetric top molecule, of which CH 3 F represents an initial experimental demonstration. Opto-electrical cooling hence opens up a new paradigm for the production of ultracold quantum gases, especially of common molecules relevant to chemistry.
Copyright line will be provided by the publisher The ability to mimic the single-particle and two-particle matrix elements of quantum magnets with symmetric top molecules also implies the ability to engineer quantum simulations of dilute gases or crystals of quantum magnets with symmetric top molecules. These quantum simulations open up a wealth of manybody physics, presented in Sec. 4, including new regimes of many-body physics which are not accessible with naturally occurring magnetic dipoles. For example, we show that polarized gases of symmetric top molecules in a single quantum state interact much more strongly than single-component gases of magnetic dipoles, and require much smaller electric fields than 1 Σ molecules. Long-range and anisotropic lattice spin models can be simulated with symmetric top molecules in deep optical lattices. In addition to the long-range version of the XXZ model where simulation is also possible with linear rigid rotors [27, 28] , we demonstrate how to simulate spin models which do not conserve magnetization, a feat which requires fine-tuning of a large number of fields to achieve with linear rigid rotors [29] . A major advantage of simulations with symmetric top molecules is that any effective spin may be chosen without fine-tuning of fields by populating a different rotational manifold. Furthermore, the exchange statistics of the molecule is not associated with this effective spin, and so symmetric top molecules provide a quantum simulation of a fermionic particle with a large integer spin, something which does not occur for actual magnetic dipoles. Using the connection of large-spin physics, we discuss using symmetric top molecules to simulate molecular magnets in condensed matter. Finally, we discuss simulations of the spontaneous demagnetization of degenerate Bose gases such as has been seen for Chromium [21, 22] . Here, simulations with symmetric top molecules not only offer the advantages of shorter timescales for dynamics and lower requirements for density, but also allow the possibility of exploring new strongly correlated regimes which would not be accessible to any magnetic atom. This paper is outlined as follows. In Sec. 2 we review the rotational structure of symmetric top molecules and discuss the coupling of symmetric top molecules to external fields. In Sec. 3, we review the structure of magnetic dipoles and present a correspondence between the energies and dipole matrix elements of symmetric top molecules and magnetic dipoles. Sec. 3.2, in particular Table 3 , contains such correspondence, which is the main focus of this paper. In Sec. 4 we show this mapping can be used to explore many-body physics, and the advantage of using symmetric top molecules versus actual magnetic dipoles. In Sec. 5 we discuss the influence of hyperfine structure on our results, focusing on the case of CH 3 F as a typical symmetric top molecule. Finally, in Sec. 6, we conclude. There are three appendices. Appendix A contains some useful matrix elements for symmetric top molecules. Appendix B discusses the relationship between the microscopic angular momentum structure of a highly magnetic atom and the model of an elemental magnetic dipole used in the main text. Finally, Appendix C discusses the mapping between symmetric top molecules and magnetic dipoles presented in Sec. 3.2 in second quantization. We hope that this makes our results accessible not only to researchers in molecular physics, but also to those in condensed matter.
2 Rotational structure of symmetric top molecules and coupling to external fields
Quantum mechanics of symmetric top molecules
For quantum gases at ultralow temperatures thermal energy is insufficient to create excitations in the structural or electronic degrees of freedom of the atoms or molecules making up the gas. Hence, in the theory of ultracold atomic gases, modeling atoms as point-like particles with fixed angular momentum degrees of freedom is appropriate. For molecules in low-lying rotational states, we assume that molecules have the equilibrium spatial structures of their nuclei. Additionally, we can assume that the molecules remain always in their lowest vibrational and electronic states. Hence, the rotational motions of nuclei in closedshell molecules are well modeled by the quantum mechanics of rigid bodies, known as the rigid rotor approximation (RRA) [30] . Within the RRA, the rotational energy of a molecule is given by the HamiltonianĤ
Copyright line will be provided by the publisher where x, y, and z are spatial directions along the principal axes of inertia of the rigid body in the body-fixed frame, or molecule-fixed frame which rotates with the molecule. We shall also make use of the space-fixed frame of coordinates X, Y , and Z, which is the usual system of laboratory coordinates. Also in Eq. ( 3),Ĵ x , J y , andĴ z are projections of the angular momentumĴ along the x, y, and z directions, respectively, and I x , I y , and I z are the principal moments of inertia. For a symmetric top molecule, the inertia tensor has a doubly degenerate eigenvalue. Defining the z-direction as lying along the symmetry axis of the molecule, we have that I x = I y = I ⊥ . Hence, the rotational Hamiltonian for a symmetric top molecule can be written asĤ
where we have defined two rotational constants as
One can classify symmetric tops into prolate or oblate tops according to either A 0 > B 0 or A 0 < B 0 , respectively. The subscript "0" in the rotational constant sets B 0 apart from the strength of the applied magnetic field B, and reminds us that this rotational constant refers to the ground vibrational level of the molecule. The square of the total angular momentumĴ 2 is quantized with eigenvalues J (J + 1), where the values J are non-negative integers, and the projection along a molecule-fixed quantization axis, which we take to be the z-direction, is also quantized with integer eigenvalue K. For a general symmetric top molecule, the projection K can take on any integer value in the range −J ≤ K ≤ J. In addition, the angular momentum is also quantized along the space-fixed Z-direction, see Fig. 1(b) . The associated eigenvalue ofĴ Z is denoted by M , and takes on integral values in −J ≤ M ≤ J. These three quantum numbers J, K, and M completely specify the eigenstates of the symmetric top rigid rotor Hamiltonian Eq. (4). The corresponding eigenfunctions are given explicitly in the Euler angle representation by
with corresponding eigenenergies,
where D J * M K (ω) are the matrix elements of the Wigner D-matrix [30] that transforms the space-fixed frame onto the molecule-fixed frame by three Euler angles ω = (φ, θ, χ). Throughout this paper, the appearance of ω in any D-matrix or spherical harmonic refers to the three Euler angles rotating the molecule-fixed frame to the space-fixed frame and not to an angular frequency. States with the same |K| = 0 are doubly degenerate, due to the cylindrical symmetry of the Hamiltonian Eq. (4). For a discussion of the degree to which the ±|K| degeneracy persists for symmetric top molecules beyond the RRA, see Sec. 5.
For the case of a linear rigid rotor, the rotational angular momentum must be perpendicular to the symmetry axis of the molecule, and thus its projection K along the symmetry axis is identically zero, as shown Fig. 1(a) . In this case, the wave functions become proportional to spherical harmonics
The disappearance of the angle χ from the wavefunction Eq. (8) is a consequence of the linear structure. The two spectra Eq. (7) and Eq. (9) and their associated degeneracies are compared in Fig. 2 .
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The Stark effect and matrix elements of the dipole moment
Applying a DC electric field to polar molecules causes the Stark effect, which is described perturbatively via an interaction term between the dipole moment operator of moleculesd and applied DC electric field E DC , that is,
In the following we assume that the DC electric field is applied along the space-fixed Z-direction e Z with a strength of E DC , i. e., E DC = E DC e Z . For symmetric top molecules in the RRA, first-order perturbation theory yields the energy shift as
where d is the permanent electric dipole moment of the molecule, see Appendix A. For a fixed J, the (2J + 1)-fold degeneracy indexed by M has been lifted by the Stark effect, but there still remains a 2-fold degeneracy in the product of K and M when |K| > 0. For a symmetric top molecule there is a linear Stark effect whenever KM = 0. That is, the Stark effect is linear both in E DC and M for states with the same J and K, i.e., a fixed (J, K)-manifold. We will call states with KM = 0 precessing states, due to the fact that classically a state with KM = 0 precesses rather than tumbles [31, 32] . This precession is what gives a nonzero expectation of the dipole moment along the field direction and, hence, the first-order Stark effect. In addition, as the matrix elements Eq. (11) are the only ones which are non-vanishing for a given J and |K|, the states |JKM are the eigenstates of the rotation and Stark Hamiltonian up to first order in dE DC /B 0 . For discussion of dipole matrix elements, it is convenient to define the space-fixed spherical basis {e p } p=0,±1 , given by the unit vectors [30] 
where(
...
... ) denotes the Wigner 3-j symbol [30] . The fact that all dipole matrix elements are diagonal in K means that any two states with projections (K, M ) and (−K, −M ) do not mix under electric field or dipole-dipole interactions even though they are degenerate in the rotational and Stark energy spectrum. Hyperfine interactions which break this degeneracy are discussed in Sec. 5. The dipole matrix elements Eq. (13) can be written in the form of the Wigner-Eckart theorem for a spherical tensor operator
via identification of the reduced matrix element
There are three important implications of the linear Stark effect for our purposes. First, according to Eq. (11), the energetic separation between states |JKM ± 1 and |JKM has the same magnitude for all values of M . Second, for any non-vanishing electric field strength E DC , we obtain an expected dipole moment along the space-fixed Z-axis of dKM/[J(J + 1)], which becomes half the permanent dipole moment when J = KM = 1. Finally, due to the spherical tensor structure in Eq. (14), the dipole operator behaves as though it simply points in the direction of J when our attention is restricted to a single (J, K)-manifold. This mimics the behavior of magnetic dipoles, as will be discussed in Sec. 3.1. These features of symmetric top molecules are compared with the behavior of a linear rigid rotor in Fig. 3 . We now contrast these results for symmetric top molecules with the results for a linear rigid rotor. For a linear rigid rotor the first-order perturbation Eq. (11) identically vanishes for any rotational eigenstate since K = 0. Then, the second-order Stark shift is given as
Here, pairs of states with the same |M | remain degenerate. The expected dipole moment of a linear rigid rotor along the Z-direction can be obtained perturbatively from the Feynman-Hellman theorem [40] as
As opposed to the space-fixed dipole moments of a symmetric top Eq. (13), which are independent of E DC for small fields, the dipole moments of a linear rigid rotor depend linearly on E DC , and so are small in fields which are small compared to B 0 /d. On the other hand, for fields which are large compared to B 0 /d the expected dipole moments approach the permanent value d, while states with different values of |M | are separated by energies of the order of the rotational constant B 0 . Because a linear rigid rotor requires non-perturbative fields in order to access a significant fraction of the permanent dipole moment along the field direction, the eigenstates of the rotational and Stark Hamiltonian for rigid rotors are no longer well-approximated by the rotational eigenstates |J0M . However, due to the facts that there are no crossings between states which correspond to different rotational quanta J in zero field and that M is a good quantum number even in the presence of E DC , we can label the states as |J0M , whereJ is an adiabatic label correlating to zero field. [33, 34, 35] . At the field Ep, the expected dipole moment of the ground state along the field direction obtains roughly 70% of its permanent value. The large fields Ep required to polarize the dipole moment are in contrast to symmetric tops, in which essentially no field is required to polarize a large fraction of the dipole moment. Table 2 The exchange statistics, rotational constants B0, permanent dipole moments d, and critical fields Ec such that dEc/B0 = 1 for selected symmetric top molecules [36, 37, 38] . The critical field is an estimate for significant breakdown of the linear Stark effect regime for J = 1 states. Thus, a tremendous range of electric fields can be used in experiments without going beyond the linear Stark approximation. The behavior of linear rigid rotors and symmetric top molecules in a static electric field are contrasted in Tables 1 and 2 and Fig. 3 . The parameters in Table 1 are obtained from experiment for KRb, but are computed from density functional theory or other ab initio means for the other species. In contrast, the parameters in Table 2 are obtained from experiment due to the ready availability of these symmetric top species. As shown in Table 1 the fields required to significantly orient the ground state of alkali dimer molecules along the field direction via the second-order Stark effect range from a few to a few hundred kV/cm. In contrast, due to the linear Stark shift, the symmetric top molecules given in Table 2 obtain half of their permanent dipole moment for the |11 − 1 state in any non-vanishing field. The critical fields E c given in Table 2 represent a rough estimate where the purely linear Stark effect, i. e., first order perturbation theory, becomes of the same order of magnitude as the second-order Stark effect for J = 1. Note that the critical field E c where breakdown of first-order perturbation theory occurs depends on the particular state |JKM . A comparison between the energetic spectrum and dipole moments of a symmetric top with J = K = 1, a linear rigid rotor with J = 1, and a magnetic atom with F = 1 are given in Fig. 3 . While panels (a) and (b) of Fig. 3 are numerical data from non-perturbative calculations, panels (c)-(f) are schematics of the behavior where linear coupling to the applied field holds, see Tables 1 and 2 . Figure 3 stresses the similarity between symmetric top molecules and magnetic dipoles both in terms of energies and dipole matrix elements, and also stresses the difference between linear rigid rotors and magnetic dipoles. In the strong-field regime where first-order perturbation theory breaks down, symmetric tops will also display second and higher-order Stark effects. There, the symmetric top spectra will appear more like those of linear rigid rotors, eventually becoming high-field seeking pendular states. A discussion of symmetric tops in strong electric fields may be found in Ref. [39] . Energy
Magnetic field strength , and a magnetic atom in the states |F = 1, MF (panels (e)-(f)). The behavior of the energies and electric dipole matrix elements of a symmetric top molecule in an electric field match the behavior of the energies and magnetic dipole matrix elements of a magnetic dipole in a magnetic field. The behavior of a linear rigid rotor in an electric field is significantly different. The dipole matrix elements are given in terms of the transition matrix elements dT (K) ≡ 1 K, ±1|d±1|1K0 (µT ≡ 1, ±1|μ±1|10 for the magnetic dipole) and the resonant matrix elements dR(K, M ) ≡ 1 KM |d0|1KM (µR(MF ) ≡ 1MF |μ0|1MF for the magnetic dipole). See Sec. 3.1 for a complete discussion of magnetic dipole matrix elements.
Interaction of symmetric top molecules with other external fields
In this section we discuss two other means by which symmetric top molecules couple to external fields. The first is the coupling of symmetric top molecules to off-resonant optical potentials. Optical trapping is important for our proposal, as it is the only means by which we can trap both the high-field and lowfield seeking states contained in a particular (J, K)-manifold simultaneously. The second topic is the coupling of magnetic fields to the magnetic moment generated by rotation of the molecule, known as the rotational Zeeman effect. Magnetic fields are an important means of separating out hyperfine structure such that single quantum states may be addressed [34] , and so it is also important to understand the effects of magnetic fields on the rotational structure of the molecule. The Zeeman effect due to intrinsic nuclear magnetic moments and associated nuclear hyperfine structure will be discussed in Sec. 5. Let us consider the application of an optical field
where the frequency of the field ω opt is far detuned from any molecular resonances. We will suppose that the field separates into spatial and polarization components as
where e p are the spherical basis vectors Eq. (12) and the polarization vector ε has unit norm, ε · ε = 1. When the field is far off-resonant, the coupling of the molecule to the field may be described aŝ
whereα (ω opt ) is the dynamical polarizability tensor [41] evaluated at the field frequency ω opt . The symmetry of the polarizability tensor is the same as the inertia tensor. That is,α (ω opt ) also has a doubly Copyright line will be provided by the publisher degenerate eigenvalue, and the principal axes of the two tensors are parallel. It should be noted, however, that the polarizability tensor need not be prolate even if the inertia tensor is; only the symmetry is specified a priori. The cylindrical symmetry implies that the polarizability tensor may be written in the moleculefixed spherical basis {e q } q=0,±1 as
where the molecule-fixed z-axis is defined to be along the symmetry axis. Transforming from the moleculefixed frame indexed by q to the space-fixed frame indexed by p via the transformation [42] 
with ω the Euler angles connecting the two frames, the Hamiltonian Eq. (21) may be written
Here we have defined products of polarization components Υ p as
and unnormalized spherical harmonics C ( )
Also, we introduced the polarizability tensor invariants
Note that all of the components of the polarization vector ε in Eq. (25) are given in the space-fixed frame. For CH 3 F, the static values of the polarizability tensor have been determined experimentally to beᾱ (0) = 2.540Å 3 [43] and ∆α (0) /ᾱ (0) = 0.33 [39] . The average polarizabilityᾱ is smaller than the ∼ 150Å 3 values typical of the alkali metal dimers [44, 45] . As the electronic structure of CH 3 F lies in the deep ultraviolet [46] , optical trapping at the common frequencies of 1064nm or 532nm appears to be reasonable. For fields whose polarization is parallel to a spherical unit vector, the factors Υ ±2 and Υ ±1 all vanish identically, and so M remains a good quantum number. However, even in this case states with different |M | experience different depths of the optical potential due to the tensor shift depending on C (2) 0 (ω). As the typical depth of an optical potential (≤ 10-100 kHz) is much less than the splittings between rotational levels(∼GHz), we can consider only the diagonal terms of Eq. (24), where the expected tensor shift is proportional to
We expect that many of the techniques which have been devised to cancel the tensor shift in linear rigid rotors [28] can also be adapted to the case of symmetric top molecules. For example, one can choose the polarization such that Υ 0 = 0 [45] , or use multiple optical fields with different tensor shifts to either cancel the shift altogether or make it spatially independent [28] . Other techniques which alter the character of the internal states, such as microwave dressing, can also cancel the tensor shift. Techniques which alter the internal state character will generally destroy the spherical tensor nature of the dipole matrix elements Copyright line will be provided by the publisher which is key to our correspondence. However, it is still possible to cancel the tensor shift while keeping our correspondence by exploiting the geometry of the polarizations or using multiple optical fields. We now turn to the rotational Zeeman effect, which is described by the Hamiltonian
where µ N is the nuclear magneton. The tensorg describes the anisotropy of the coupling between rotation and the external magnetic field. As was also the case for the dynamical polarizability above, the tensorg has the same symmetry as the inertia tensor, and may be fully described by two elements g and g ⊥ . The parameters for CH 3 F, g = 0.265 and g ⊥ = −0.062, have been determined experimentally [100] . Taking a similar approach as for the AC Stark shift above, we find that the Hamiltonian Eq. (29) may be written aŝ
where
are linear combinations of rotation operators in the space-fixed frame and B p ≡ B · e p are the components of the magnetic field also in the space-fixed frame. Also, we have defined the tensor invariants
As the nuclear magneton µ N ≈ 762 Hz/Gauss, the rotational Zeeman effect will not appreciably mix rotational levels for any reasonable value of the magnetic field, and so we can consider only the matrix elements diagonal in J. Assuming that the field is along the e Z direction, B = Be Z , we find the matrix elements
While the matrix elements for the linear Stark effect, Eq. (11), depend only on the product KM , the matrix elements of the rotational Zeeman interaction depend on K and M separately, and so sorting of the state specified by J, K, and M is possible via a combination of electric and magnetic fields.
Relationship between symmetric top molecules and magnetic dipoles
In this section, we first review the single-particle physics of a magnetic atom by showing the explicit forms of magnetic dipole moments and the Zeeman effect. Then, we show that there is a rigorous correspondence between a magnetic atom and a symmetric top molecule which we present as the mapping in Table 3 . Finally, we extend our correspondence to include the dipole-dipole interaction, and show that dipoledipole interactions are significantly larger for the simulated magnetic dipole than for naturally occurring magnetic dipoles. For example, the symmetric top molecule CH 3 F can simulate the magnetic atom 52 Cr with a factor of 620 enhancement in the dipole-dipole interaction energy. The correspondence shown in this section can be applied to a large class of quantum magnets, such as magnetic atoms, long-range spin models, and molecular magnets, as will be discussed in Sec. 4.
Magnetic dipoles and the Zeeman effect
Let us consider, as a model of a magnetic atom, e.g., 52 Cr, 168 Er, or 164 Dy, a point particle with an angular momentum F and a magnetic dipole operatorμ which is proportional to this angular momentum
where g F is the effective g-factor. The appropriate basis for describing this object is |F M F , where F (F + 1) is the eigenvalue ofF 2 and M F is the eigenvalue of the projection ofF on the space-fixed Z-axis. The details of the connection between the effective description of the magnetic dipole, Eq. (35), and the microscopic angular momentum structure of a highly magnetic atom are presented in Appendix B. The magnetic dipole moment couples to an external magnetic field B via the Zeeman Hamiltonian,
The matrix elements of the magnetic dipole operator can be evaluated using the Wigner-Eckart theorem [30] as
where the reduced matrix element is
In particular, this gives the first-order Zeeman shifts for a magnetic field along the space-fixed Z-direction e Z , i.e., B = Be Z as
Hence, insofar as the Zeeman effect is not of the same order of magnitude as the distance between adjacent F -manifolds, we find that the eigenstates of a magnetic dipolar particle in a magnetic field are |F M F with energies given by Eq. (39) and dipole matrix elements given by Eq. (37).
Mapping between magnetic dipoles and symmetric top molecules
We are now in a position to demonstrate a mapping between symmetric top molecules and magnetic atoms which allows us to perform quantum simulation of a gas of the latter with the former. We begin by collecting the main results from Secs. 2 and 3.1. To first order in dE DC /B 0 , the eigenstates of a symmetric top molecule in an electric field E DC = E DC e Z are the states |JKM with energies and dipole moments given by
JKM |d p |JKM = (−1)
For a fixed (J, K)-manifold, the rotational energy B 0 J (J + 1) + (A 0 − B 0 ) K 2 is common to all states and so may be taken as the zero of energy. For a magnetic dipole with angular momentum F in a magnetic field B = Be Z , the eigenstates are |F M F with energies and magnetic dipole moments given bŷ
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Comparing the electric dipole matrix elements Eq. (41) with the magnetic dipole matrix elements Eq. (43), we see that the symmetric top molecule has an electric dipole moment which behaves exactly as a magnetic dipole moment provided that we make the identifications
We use the notation "→" to denote the mapping, as the two sides clearly do not have matching units. What we mean in the mapping is that the two systems obey the same algebra provided that we identify the coefficients according to Eq. (44) . Now, comparing the energy of the symmetric top molecule Eq. (40) in a fixed (J, K)-manifold and the energy of the magnetic dipole Eq. (42) while applying the mapping Eq. (44), we find that the energies are the same provided we make the identification
Thus, a symmetric top molecule in a fixed (J, K)-manifold and a magnetic dipole have the same singleparticle energies and dipole moments, when the dipole moments and fields are mapped according to Eqs. (44) and (45).
To complete the mapping, we will define the relationship between the interaction of two symmetric top molecules in the same (J, K)-manifold and the interaction of two magnetic dipoles. For this purpose, it is useful to recast the dipole-dipole interaction Eq. (1) as a contraction of two rank-two spherical tensors as [42] 
where θ and φ are the polar and azimuthal angles between particle 1 and particle 2. We have defined the irreducible tensor product of two vector operatorsÂ andB as
Let us consider taking matrix elements of Eq. (46) for two magnetic dipoles. Using the basis
where we have used Eq. (43) to evaluate the dipole matrix elements. Similarly, for two symmetric top molecules in the same (J, K)-manifold we can evaluate the matrix elements in the basis Table 3 Correspondence between symmetric top molecules in a fixed (J, K)-manifold subject to a DC electric field and magnetic dipoles in a magnetic field. Note that the correspondence in Table 3 for the special case of a linear rigid rotor, i.e., K = 0, gives a vanishing effective dipole moment. That is to say, there is no such correspondence between magnetic dipoles and linear rigid rotors.
Magnetic dipole Symmetric top molecule Angular momentum
where we have used Eq. (41) to evaluate the dipole matrix elements. Now, using the mapping Eq. (44), we find the mapping between the dipole-dipole matrix elements
where c 2 = 1/(ε 0 µ 0 ) is the speed of light in vacuum. The relations Eqs. (44), (45), and (50) establish a complete correspondence between the one-and two-body matrix elements of symmetric top molecules in a fixed (J, K)-manifold subject to a DC electric field and those of magnetic dipoles in a magnetic field, and hence between the many-body Hamiltonians of dilute gases of symmetric top molecules and magnetic dipoles. This correspondence is summarized in Table 3 , and may be seen visually in the special case of J = 1 in Fig. 3(c)-(f) . Appendix C gives a complementary discussion in terms of the second quantized Hamiltonians.
To stress the usefulness of the mapping in Table 3 , we will discuss dimensional quantities. The mapping in Table 3 then tells us that the ratio of dipole-dipole interaction energies of a magnetic dipole of spin F simulated with a symmetric top molecule and a true magnetic dipole of the same spin with g-factor g F is
where d D denotes the permanent electric dipole moment of the symmetric top molecule in units of Debye. For example, if we were to perform quantum simulation of 52 Cr [5] with CH 3 F in the J = K = 3 manifold, then the relevant parameters are g F = 2, F = 3, and d = 1.85, giving an enhancement of ≈ 620 in the dipole-dipole interaction energy. Even for highly magnetic atoms, such as 168 Er in the F = 6 state [9] and 164 Dy in the F = 7 state [10] , we see enhancements of ≈ 600 and ≈ 310, respectively. Thus, a quantum simulation of magnetic dipoles with symmetric top molecules allows us to access the physics of magnetic dipoles with much larger dipole-dipole interaction energies than are available with even the most magnetic atoms.
A few other notes regarding the mapping in Table 3 are in order. First, a very powerful feature of the mapping is that one can choose the effective spin of the simulated magnetic dipole by choosing the rotational state of the symmetric top molecule. Hence, while each atomic species has a fixed maximum angular momentum, one can choose in principle any effective spin degree of freedom using a symmetric top molecule. One restriction on the effective spin is that it be an integer, as the rotational quantum number J is always an integer. Furthermore, a practical restriction on the choice of J is imposed by rotationally inelastic processes. In this regard, states with J = |K| are expected to be most stable, as there are no lower-lying states which have dipole-allowed transitions. However, provided that rotational quenching rates are fast enough, states with J > |K| may be stabilized in an optical lattice due to the quantum Zeno effect. The quantum Zeno effect due to rapid chemical reaction rates has been demonstrated for KRb in an optical lattice [47] . The restriction to integer spin J does not imply that the simulated magnetic dipoles are bosons, as the effective spin of the simulated magnetic dipole is not associated with its statistics. Indeed, symmetric top molecules have hyperfine structure, as is discussed in Sec. 5, and the hyperfine degrees Copyright line will be provided by the publisher of freedom will determine the statistics of the simulated magnetic dipole. Of the molecules in Table 2 , 13 CH 3 F and 12 CH 3 CN are fermionic while the others are bosonic, but this list is by no means exhaustive. The fact that the effective spin and statistics of a symmetric top molecule do not have to be related opens the avenue of studying magnetic dipoles with integer angular momentum but fermionic statistics, something which does not occur in nature with elemental magnetic dipoles. Some applications of our mapping for many-body physics will be discussed further in Sec. 4.
Applications of symmetric top molecules for many-body physics
In this section, we discuss four applications of our correspondence between symmetric top molecules and magnetic dipoles for many-body physics, each of which can be called a quantum simulator. The first example is to simulate a gas of polarized dipoles. Symmetric top molecules can realize such a gas without demanding a large electric field as in 1 Σ molecules but with hundreds of times larger dipoledipole interaction energies than those of magnetic atoms. Second, by loading a deep optical lattice with symmetric top molecules, we can obtain lattice spin models with long-range interactions. Any integer spin system is available by choosing the corresponding rotational J-manifold of symmetric top molecules. Third, simulation of molecular magnets is another example. Here, we suggest the possibility to simulate effective spin models for complex crystalline compounds with a gas of symmetric top molecules in an optical lattice where the effects of disorder are more readily controllable. Finally, we present an application for the multi-component physics in magnetic atoms. In particular, we discuss the Einstein de-Haas effect and spin relaxation dynamics where the dipole-dipole interaction plays an important role and can be more clearly observed with the use of symmetric top molecules.
Polarized dipoles
The simplest scenario of many-body physics with dipolar particles is a gas of single component, point particles which possesses resonant dipole moments. Several novel physical phenomena occur for such a system, including the manifestation of a roton mode in a dipolar Bose-Einstein condensate [48, 49] , BCS pairing in a dipolar degenerate Fermi gas [50, 51] , crystalline phases in the two-dimensional strongly coupled limit [52, 53, 54] , supersolid [55, 56, 57, 58] and topologically ordered phases [59] for dipolar gases in optical lattices, and vortices in rotating dipolar gases [60, 61, 62, 63, 64] , to name a few. More information about the physics of polarized dipolar gases may be found in a number of recent reviews of the subject [65, 66, 67] .
In order that a multicomponent particle realizes a single-component polarized dipole, three conditions must be met: (i) a single internal state is occupied, (ii) this state should possess a resonant dipole moment, and (iii) all other internal states should be separated by energies large compared to the characteristic dipole-dipole interaction energy such that state-changing collisions do not occur. For linear rigid rotors, the condition of a single internal state is easily satisfied by populating only a single level, say, the rotational ground state |000 . In the linear rigid rotor case, however, large electric fields must be applied to polarize a significant fraction of the dipole moment in the space-fixed frame, see Table 1 . When any rotor eigenstate has an appreciable resonant dipole moment due to application of a static electric field, all other dipole-allowed states lie naturally very far away in energy. For realizing the single-component polarized dipole with magnetic dipoles we assume that only the maximally stretched spin state, |F M F = F , is populated, as this is the state with the largest dipole moment. Then, applying a magnetic field such that the Zeeman splitting between states E field = g F µ N B E DD , where E DD is the characteristic dipole-dipole interaction energy, requirement (iii) is met. Often, the magnetic fields required are very small for magnetic dipoles. For example, in Chromium, a field on the order of 1 mG is sufficient [68] . For symmetric top molecules, we assume that only the |JJJ level is populated, as it has the largest dipole moment. Applying an electric field such that E field = dE DC E DD , we again satisfy requirement (iii). The fields required are on the order of V/m, much smaller than the kV/cm fields required to polarize linear rigid rotors. However, larger fields may be applied, and will result in larger effective dipole moments due to (usually small) Stark effects beyond first order. For J = K = 1, already we obtain half of the resonant dipole moment. For higher J = K states, we can obtain a larger fraction of the permanent dipole moment, see Eq. (13) . Hence, we can obtain gases of single-component polarized dipoles with symmetric top molecules which interact orders of magnitude more strongly than magnetic dipoles and require orders of magnitude smaller electric fields than linear rigid rotors.
Lattice spin models
Let us now consider the case in which a gas of symmetric top molecules in a specific (J, K)-manifold has been loaded into an optical lattice such that there exists exactly one molecule per lattice site. We note that trapping of molecules in an optical lattice is demonstrated technology for 1 Σ alkali metal dimers; KRb has been trapped in an optical lattice [69, 47] , and RbCs is made directly in optical lattices [15, 70] , to name two examples. In the limit that the lattice is very deep, which can be achieved by increasing the intensity of the optical lattice beams, all molecules reside in the lowest band of the lattice and the motional degrees of freedom are completely quenched. Hence, the dynamics of the system reduces to that of the dynamics of the internal degrees of freedom. For simplicity, we assume that the tensor shift, Eq. (28), has been canceled, see Sec. 2.3. Then, the many-body dynamics of the internal degrees of freedom may be described, up to constant terms, by a lattice spin model
Here, a is the lattice spacing, the functions C 
The operatorsŜ 
, where r i and r j are the spatial coordinates of lattice sites i and j, respectively, and θ ij and φ ij are the polar and azimuthal angles between lattice sites i and j.
A limiting case of the spin model Eq. (52) which is of particular interest is when the effective magnetic field h is much larger than the spin-spin coupling W . In this case only the p = 0 processes are resonant, and so the total magnetization iŜ 0 i is conserved 2 . Thus, the magnetic field term may be removed from the Hamiltonian by a gauge transformation and we are left with a long-range XXZ model
where we have switched from the spherical tensor notation for the spin operators to the more conventional ladder operator notation used in quantum magnetism
For CH 3 F in a 532nm optical lattice, the coupling constant W becomes on the order of 15 kHz or larger, which is an order of magnitude larger than the corresponding coupling constant for the linear rigid rotor proposals with KRb and of the same order of magnitude as the coupling constant for LiCs in the same proposals [27] . As this coupling constant can be on the order of the band gap, novel dipolar physics involving higher bands may also arise [73] . An important new feature of our XXZ model Eq. (56) compared to proposals using linear rigid rotors [27, 28, 74, 29, 75, 76, 77, 78, 79] is that any integral spin S can be achieved in principle without the fine-tuning of any fields by simply populating a different rotational manifold J. Systems with higher spin S should more closely match the predictions of spin-wave theory, and so our results provide the possibility to assess the accuracy of approximate theoretical approaches [80] . We expect that the addition of microwave fields to couple rotational states with the same K can greatly extend the tunability of spin models such as Eq. (52), by analogy with what has been done for the case of linear rigid rotors [27, 28, 78, 29, 79] . We leave a detailed discussion of microwave dressing of symmetric top molecules for future work.
Molecular magnets
One particular realization of large effective spins in condensed matter is crystals of molecular magnets. Molecular magnets are organic molecules which contain transition metals with strongly exchange-coupled spins, and so each molecule behaves as a single large effective spin [81] . 3 . All of the listed molecular magnets have effective spins S = 10. However, a range of other effective spins are possible, including half-integer spins [81] . Both Mn 12 and Fe 8 may be synthesized as large crystals; for example Mn 12 crystallizes in a tetragonal structure. Additionally, as exemplified by Mn 12ac , Mn 12 and other molecular magnets can often be dissolved in a variety of solvents by ligand substitution, and this can lead to a variety of other crystalline structures.
Molecular magnetic crystals have been of great interest due to the possibility of observing resonant, coherent tunneling of magnetization. In particular, the hysteresis loop describing the behavior of the magnetization as a magnetic field is decreased and then increased shows step-like features [82] . These step-like features have been associated with transfer of magnetization between magnetic sublevels made degenerate by the applied magnetic field, either through thermally assisted [82] or purely quantum mechanical means [85] . In many treatments of crystals of molecular magnets, it is assumed that the lattice spacing is large enough to neglect dipole-dipole interactions between neighboring spins. With this assumption, tunneling of magnetization occurs through terms such as the rhombic zero-field splitting term E(Ŝ 2 x −Ŝ 2 y ) which change the magnetization of a single molecule. However, dipole-dipole interactions may indeed play a role in the tunneling of magnetization in molecular magnets, and can give rise to novel phenomena such as significant deviations from the predictions of Landau-Zener theory during a magnetic field quench [86] . A quantum simulation of a crystal of molecular magnets with symmetric top molecules can feature much larger dipole-dipole interactions than in actual molecular magnets, and so deviations from Landau-Zener theory should be easier to see in such a system.
A quantum simulation of crystals of molecular magnets with symmetric top molecules is possible using a setup similar to Sec. 4.2 with symmetric top molecules loaded into an optical lattice. One advantage of using symmetric top molecules versus actual molecular magnets is the possibility of strong dipole-dipole coupling, as mentioned in the last paragraph. We note that the dipole-dipole interaction can also be made weak while the effective spin is still large by choosing a small value for K but a large value for J, see Eq. (13) . Another advantage, also discussed in Sec. 4.2, is the ability to change the effective spin S of the simulated molecular magnet via the rotational state of the symmetric top molecules. Furthermore, altering the optical lattice geometry and the filling allows for control over the crystalline geometry and disorder. All of these additional controls may be useful in designing and optimizing molecular magnets for applications. Finally, using the tensor shift of the optical lattice or microwave fields, it may be possible to simulate an axial zero-field splitting DŜ 2 z or the rhombic zero-field splitting mentioned above, both of which play a significant role in conventional molecular magnets.
The Einstein-de Haas effect and spin relaxation
Let us now consider a multi-component Bose-Einstein condensate (BEC) with dipole-dipole interactions [87] . The dipole-dipole interaction Eq. (1) does not conserve the projection of the spin angular momentum, but conserves the projection of the total angular momentum, where the total angular momentum is the sum of internal spin and orbital angular momenta. Hence, the process of the spin relaxation [68, 21, 22] , in which the projection of the total spin is altered via the dipole-dipole interaction, is associated with transfer of angular momentum from the spin to the orbital angular momentum. This transfer of angular momentum means that an initially polarized gas of dipoles starts to rotate spontaneously, a phenomenon known as the Einstein-de Haas effect [88] , possibly producing non-singular vortices in the multi component BEC. Based on mean field theories [89, 90] , the dynamics of spin relaxation is interpreted as the Larmor precession of dipoles around the effective magnetic field produced by inhomogeneous condensates of bosonic dipoles. Thus, the dipole-dipole interaction determines a typical time scale for the spin relaxation, which for bosonic atoms is on the order of τ sr h/(c dd n) where n is the density and c dd = µ 0 (g F µ B ) 2 /(4π). For a 52 Cr BEC with n ∼ 10 14 cm −3 , τ sr is a fraction of a millisecond, while for symmetric top molecules with J = K = 3 it can be shortened to the order of microseconds for the same density due to a six hundred-fold increase of c dd with respect to 52 Cr, see Sec. 3.2. Likewise, spin relaxation dynamics for symmetric top molecules can be seen on the same timescales as for Chromium with densities a factor of six hundred smaller. In addition, in order to see spin relaxation, the characteristic energy difference between single-particle states with neighboring spin projections M and M ± 1 should be small compared to the characteristic dipole-dipole interaction energy. For 52 Cr, the dipole-dipole interaction is weak, and so spin relaxation requires very small magnetic fields of 1 mG or less [91] . For symmetric top molecules, as discussed in Sec. 2.2, the energetic differences between states with neighboring projections M and M ± 1 can be small compared with the dipole-dipole interaction for a wide range of the applied DC electric field. There are many other studies on the physics of multi-component magnetically dipolar atoms, such as spin textures [92, 93, 7] and dipolar relaxation [19, 20] ; we expect that quantum simulation with symmetric top molecules can access these phenomena on shorter timescales or with lower density and even explore new regimes with large dipole-dipole interaction energies compared to isotropic contact interaction energies.
The influence of hyperfine structure
The correspondence between symmetric top molecules and magnetic dipoles has been discussed within the context of the rigid rotor approximation (RRA), where the nuclei are structureless objects rigidly connected in space. Within this approximation, the states |JKM and |J, −KM are degenerate due to the cylindrical symmetry of the molecule, and possess resonant space-fixed dipole moments JKM |d 0 |JKM = dKM/[J(J +1)] even in the absence of an electric field. As mentioned in the introduction, the existence of an elemental electric dipole moment would violate both parity and time reversal symmetries [101] . While neither parity nor time reversal are good symmetries of the universe within the context of the standard model, their violations are extraordinarily slight [2, 102] . Thus, it is expected that the existence of spacefixed dipole moments for symmetric top molecules in the RRA is a defect of the chosen approximate basis rather than being due to breaking of near-fundamental symmetries of the universe. Any interaction which couples the states |JKM and |J, −KM will result in the proper physical eigenstates in the absence of fields being instead the linear combinations |JKM ± |J, −KM , and introduce some energetic splitting Copyright line will be provided by the publisher ∆ JKM between these states [103, 32] . These linear combinations have no expected dipole moment, and hence will not display a linear Stark effect. The transition to the basis in which |JKM and |J, −KM are decoupled and hence a linear Stark effect is observed occurs for electric field strengths of order ∆ JKM /d. In this section, we will show that the splittings ∆ JKM are on the order of a few kHz for the |K| = 1 levels and un-observably small for all higher |K| levels. Hence, the linear Stark effect holds for essentially any non-vanishing field for |K| > 1, and for fields greater than V/m for |K| = 1. The fields where the linear Stark effect begins to break down are many orders of magnitude larger than this, see Table 2 . In this sense, accounting for terms which couple together states with ±|K| does not significantly affect the mapping of Sec. 3.
For molecules with C 3v symmetry 3 and non-zero nuclear spin such as CH 3 F, states with |K| = 3N (N an integer) are degenerate to all orders in the rotation-vibration Hamiltonian. Thus, breaking of the ±|K| degeneracy dominantly occurs through hyperfine effects for such molecules. In the following subsections we will investigate the role of hyperfine structure in the rotational structure of the canonical symmetric top molecule CH 3 F, shown in Fig. 1 . A more general discussion of the breaking of the ±|K| degeneracy for non-planar symmetric tops of the form XY 3 , including symmetric tops with no nuclear spin, may be found in Ref. [103] . The dominant hyperfine interactions of symmetric top molecules without nuclear quadrupole coupling are spin-rotation interactions and spin-spin interactions. We discuss these interactions in Secs. 5.2 and 5.3, respectively. Before discussing these interactions, we briefly review the classification of molecular levels according to point group and exchange symmetries of constituent nuclei in Sec. 5.1 for non-specialists. Finally, in Sec. 5.4, we discuss the nuclear Zeeman effect. In addition to discussing hyperfine interactions for the purpose of clarifying the degree of breaking of the ±|K| degeneracy, isolation of particular hyperfine states is often an important step in reaching quantum degeneracy [34] , and so we compile information about the hyperfine structure of CH 3 F here to aid future research on the many-body physics of symmetric top molecules.
Classification of molecular symmetry
A classification of the symmetry of a molecule using the language of point groups results in the full permutation-inversion group of the molecule [104] in which the eigenstates of the molecule transform irreducibly under spatial inversions as well as exchanges of identical nuclei. Using group theory, it can be shown that the only states allowed by exchange symmetry belong to one of two non-degenerate representations which have opposite parity [105, 104] . For CH 3 F, the molecular symmetry group is C 3v , which corresponds to a 3-fold rotation axis which exchanges the three Hydrogen nuclei in a clockwise fashion as well as reflections through any plane which contains the symmetry axis and one of the Hydrogen nuclei. There exist three representations of C 3v , denoted A 1 , A 2 , and E. The representation A 1 is completely symmetric under all group operations, and both A 1 and A 2 are non-degenerate. The representation E is doubly degenerate. In addition to the rotational wavefunctions, the three Hydrogen nuclear spins can couple to form either ortho-CH 3 F (I H = 3/2) or para-CH 3 F (I H = 1/2), with I H the total nuclear spin of the H nuclei. A detailed examination of the molecular symmetry group, taking into account indistinguishability of the Hydrogen nuclei, demonstrates that not all combinations of nuclear and rovibrational wave functions give internal wave functions with the appropriate symmetry. In particular, when K = 3N , N a positive integer, the rovibrational wave function has symmetry A 1 ⊕ A 2 , and so the nuclear spin function must belong to the completely symmetric representation A 1 , ortho-CH 3 F, in order that the internal wave function has the correct symmetry. In contrast, when K = 3N ± 1 the rovibrational wave function has E symmetry, and so the nuclear spin wave function must also have E symmetry, para-CH 3 F, in order that the complete wave function transforms properly. The actual rovibrational and spin wavefunctions corresponding to these representations have been given in the literature [37, 104, 106, 107] , and the methods of group theory can be applied to simplify evaluation of matrix elements, just as for the case of SU (2) [108].
Spin-rotation interactions
Nuclear spin-rotation interactions may be written aŝ
where X is a label for nuclei, e.g., X = {H,C,F} for CH 3 F, and i runs over the different members of that nucleus, e.g., H (i) takes H (1) , H (2) , H (3) for CH 3 F. The tensor elementc
αβ expresses the magnetic field in the α th direction at nucleus X (i) due to rotation of the molecule about direction β. For a nucleus X which lies on the symmetry axis, the principal axes of the tensorc X are parallel to those of the inertia tensor, andc X also has a doubly degenerate eigenvalue. The matrix elements can be computed by analogy with the rotational Zeeman effect, Eq. (30), with the operatorsÎ
taking the place of magnetic field projections B p . Hence, as with the rotational Zeeman effect, the spin-rotation interaction for nuclei on the symmetry axis will not mix states with different values of K. For CH 3 F, the values c have been computed for 13 C ( 12 C has zero nuclear spin) [110] . Let us now consider nuclei which do not lie on the symmetry axis, such as the H atoms in CH 3 F. If we define the coordinate system such that the molecule-fixed x-axis points from the symmetry axis to the Hydrogen nucleus labeled 1, then reflection symmetry about the plane passing through the symmetry axis and this Hydrogen nucleus dictates that the spin-rotation tensorc H (1) takes the general form
Nuclear spin-nuclear spin interactions
Neglecting any electron-mediated interactions between nuclear spins [113, 42, 111, 112] , the nuclear spinnuclear spin Hamiltonian contains only dipole-dipole interactions between all non-zero nuclear spins in the molecule. It may be written aŝ
, (61) where the notation < X (i) , X (i ) > denotes a non-ordered pair of X (i) and X (i ) , that is, each pair of nuclei is counted exactly once, R X (i) X (i ) is the distance between the nuclei X (i) and X (i ) , and e X (i) X (i ) is a unit vector pointing from nucleus X (i) to nucleus X (i ) . The nuclear g-factors g X are well-known and tabulated [114] . For convenience, we note here that the g-factors relevant for CH 3 F are g H = 5.585694, g F = 5.257736, and g C = 1.404822 for 13 C. Spin-spin interactions between the Hydrogen nuclei only contribute when the ortho configuration of nuclear spin is involved, and hence are only present when K = 3N with a positive integer N . On the other hand, the Fluorine-Hydrogen spin-spin interactions contribute for any configuration of the Hydrogen nuclear spin. Similarly to the Hydrogen nuclear spinrotation interaction, the Fluorine-Hydrogen spin-spin interaction involves rotation matrices D j ∆M ∆K (ω) when expressed in the space-fixed frame, and so it mixes states with K values differing by at most ∆K = ±2. As discussed in the above, this interaction causes splittings of a few kHz for the |K| = 1 levels [112] , but does not have observable consequences for higher values of K. Hence, we conclude that the ±K degeneracy is broken slightly for the |K| = 1 levels, but can be considered to hold for all other levels |K| > 1. In turn, this means that the linear Stark effect which forms the basis of our correspondence between symmetric top molecules and magnetic dipoles also holds for these states even in the presence of hyperfine structure.
The nuclear Zeeman effect
The hyperfine interaction we lastly consider is the nuclear Zeeman effect, with Hamiltonian
The g-factors were listed following Eq. (61) above. For a magnetic field aligned alongê Z , the matrix elements are completely diagonal in the space-fixed frame:
where M H is the sum of nuclear spin projections of Hydrogens. This expression holds for all representations of the Hydrogen nuclear wavefunction.
Conclusions
We have shown that the many-body physics of symmetric top molecules in states with nonzero projection of the molecular rotation along the symmetry axis maps onto the many-body physics of magnetic dipoles with effective spin set by the rotational quantum number of the molecule. The strength of dipoledipole interactions in the simulated magnetic dipoles is typically two orders of magnitude larger than for naturally occurring magnetic dipoles, which opens up new regimes of dipole-dipole interacting systems. We illustrated several manifestations of novel many-body physics and quantum simulation hence possible with symmetric top molecules. In one example, symmetric top molecules can generate a gas of singlecomponent polarized dipoles with either bosonic or fermionic statistics. The preparation of such a gas requires much smaller static electric fields than a polarized gas of linear rigid rotors, and will feature larger dipole-dipole interactions than a polarized gas of magnetic dipoles. Furthermore, we showed that symmetric top molecules in a deep optical lattice may be used to engineer quantum simulations of lattice spin models with anisotropic, long-range, and magnetization-changing interactions as well as arbitrarily large spin. Trapping of symmetric top molecules in an optical lattice also allows for quantum simulation of molecular magnets, where symmetric top molecules offer the advantage over condensed matter realizations of tuning the geometry, disorder, strength of interactions, and effective spin. Finally, we discussed quantum simulation of spontaneous demagnetization and the Einstein-de Haas effect on much shorter timescales or lower densities than with naturally occurring magnetic dipoles. The existence of K = 0 states is a feature of symmetric top molecules which is not shared by linear rigid rotors, such as the 1 Σ ground states of the alkali dimers. In addition to the correspondence between symmetric top molecules and magnetic dipoles, we also discussed some technologically important aspects of symmetric top molecules, such as opto-electrical cooling to reach quantum degeneracy, optical trapping, and the effects of hyperfine structure.
Our work has just begun the study of many-body physics with symmetric top molecules. In particular, we have only studied the cases of static or far-off-resonant fields. We expect that the use of microwave dressing will greatly enhance the tunability of effective many-body models with symmetric top molecules, just as has been the case for linear rigid rotors [27, 28] . In addition, threshold scattering of symmetric top molecules at ultralow temperatures is an unexplored area and beyond the scope of the present paper. Studies of ultracold scattering will provide insight into the relative role of short-range contact interactions to the long-range dipole-dipole interactions considered in this paper.
In this section we compile useful matrix elements for symmetric top molecules. As the wave functions of symmetric top molecules are proportional to Wigner D-matrices, see Eq. (6), most matrix elements can be computed using the theorem on integration over products of three rotation matrices [30] 
In particular, using the facts that D 
8 Appendix B: Microscopic angular momenta and effective angular momentum of a magnetic dipole
In this section, we discuss the relationship between the algebraic structure of the intrinsic angular momenta of an atom and the effective magnetic moment associated with the total angular momentum of the atom. Let us consider an atom with orbital angular momentum L, spin angular momentum S of electrons, and nuclear spin angular momentum I of nuclei. The magnetic dipole operator of the atom iŝ
Now, we consider the fully coupled representation in which we first couple L and S to form J,Ĵ =L +Ŝ, and then coupleĴ andÎ to form the total angular momentumF,F =Ĵ +Î. The associated basis is denoted by {|((L, S)J, I)F M F }. Using standard angular momentum decoupling techniques [30] , we can compute the projections of the intrinsic angular momenta in this basis as
Importantly, we see that all three projections are proportional to the projection of the total angular momentumF as a result of the fact that all intrinsic angular momenta are spherical tensors. Hence, we obtain for the projection of the magnetic dipole operator, Eq. (68),
where the effective g-factor, or generalized Landé g-factor, is given by
with a function C(α, β, γ) = α(α + 1) + β(β + 1) − γ(γ + 1) 2α(α + 1) .
Since µ N /µ B = m e /m p 5 × 10 −4 , the last term in the braces may be neglected when considering the overall magnitude of the magnetic dipole. However, it is important to note that the nuclear spin implicitly contributes to the magnetic dipole moment via the total angular momentum. Also, substituting g l = 1 and g e 2, we have
with the approximate value for g F , 
Copyright line will be provided by the publisher When we are focusing on a subspace with fixed values of L, S, J, I, and F , which is denoted simply by L ({|F M F } F M F =−F ), the effective g-factor Eq. (73) becomes constant, and thus the magnetic dipole momentμ is proportional to to the total angular momentumF as a linear operator in this subspace,
Note that such a subspace spans an effective Hilbert space in several important cases and that it is useful to employ the equality (77) . The first case is rather trivial where only a single angular momentumL,Ŝ, or I is present, as then Eq. (77) becomes true in a whole Hilbert space. This is the case for Chromium, which contains only electronic spin in its bosonic isotopes [5] . In addition, the effective theory holds whenever I is zero and there is large separation between F -manifolds compared to the Zeeman splittings within an F -manifold. Such a splitting comes from, e. g., spin-orbit coupling. All of the bosonic isotopes of the most highly magnetic atoms Dy and Er have zero nuclear spin due to the fact that they have an even number of both protons and neutrons [94] , a trend which holds for a large majority of the highly magnetic atoms. The splittings between F -manifolds are many orders of magnitude larger than any possible intermanifold Zeeman splittings in these atoms [95, 10, 9] , and so the effective therory works. Finally, the effective description holds whenever all three angular momenta are present, but the spacings between hyperfine manifolds are large. This is the case for the fermionic isotopes of Dy and Er, as they all have large nuclear spins and, accordingly, large nuclear quadrupole interactions on the order of hundreds of MHz [96, 11, 95, 97] . The hyperfine spin-spin interactions in the bosonic isotope 169 Tm [98] are similarly large, despite the fact that there is no nuclear quadrupole [99] . The description of the magnetic dipole in terms of the total angular momentum hence holds up to magnetic fields which are much larger than the fields required to reach the regime of polarized dipoles, see Sec. 4.1. Thus, in discussion of many-body physics, there is no loss of generality in assuming that the microscopic structure of the magnetic dipole moment of a highly magnetic atom Eq. (68) may be replaced by the effective structure Eq. (77).
9 Appendix C: The mapping from symmetric top molecules to magnetic dipoles in second quantization
In this section, we demonstrate that there is a correspondence between the second-quantized many-body Hamiltonians for symmetric top molecules and those for magnetic dipoles. We begin with the second quantized Hamiltonian for spin-F magnetic dipoles [4] , , which is composed of the kinetic term and the Zeeman term for B = B Z e Z , Eq. (39),
and the function Q ij , the kernel of the dipole-dipole interaction, as Q ij (r) = [δ ij − 3(e r ) i (e r ) j ]/r 3 . We have also introduced local spin operatorsM
Copyright line will be provided by the publisher with the matrix elements of the magnetic dipole moment operator (f i ) F M F ,F M F (i = X, Y, Z) defined by
The explicit form of Eq. (81) 
whereψ † JKM (r) creates a symmetric top molecule at position r with its internal state |JKM , discussed in Sec. 2.1, and satisfies commutation or anti-commutation relations depending on the statistics of the molecules. Here,Ĥ (e) 1 denotes the single-particle Hamiltonian of symmetric top molecules, composed of the kinetic term and the linear Stark term for E = E DC e Z , Eq. (11),
Similar to the local magnetization operators, Eq. (80), local dipole moment operatorsD i (r) are defined bŷ
with the matrix elements of the electric dipole moment operator for symmetric top molecules (d i ) J K M ,JKM (i = X, Y, Z),
We remark that the summation of J, K, M runs over all non-negative integers for J, and integers such that −J ≤ K ≤ J, −J ≤ M ≤ J for K and M . As discussed in Sec. 2.1, for the symmetric top molecules in a fixed (J, K)-manifold, we have
with the reduced matrix element given by Eq. (15 ) . Thus, for any given species of magnetic dipoles with integral spin-F , we can choose the corresponding (2F + 1) states from rotational states of symmetric top molecules with J = F and K = 0 such that
When we concentrate on the fixed (J, K)-manifold of the Hamiltonian Eq. (82) with J = F and K = 0, it reduces tô H = 
Comparing Eq. (89) with Eq. (78), we conclude that the second quantized Hamiltonian for symmetric top molecules can simulate the many-body physics of magnetic dipoles.
